Continuous-variable quantum teleportation through lossy channels 
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The ultimate limits of continuous- variable single-mode quantum teleportation due to absorption 
are studied, with special emphasis on (quasi-)monochromatic optical fields propagating through 
fibers. It is shown that even if an infinitely squeezed two-mode squeezed vacuum were used, the 
amount of information that would be transferred quantum mechanically over a finite distance is 
limited and effectively approaches to zero on a length scale that is much shorter than the (classical) 
absorption length. Only for short distances the state-dependent teleportation fidelity can be close 
to unity. To realize the largest possibly fidelity, an asymmetrical equipment must be used, where 
the source of the two-mode squeezed vacuum is nearer to Alice than to Bob and in consequence 
the coherent displacement performed by Bob cannot be chosen independently of the transmission 
lengths. 



PACS number(s): 03.67.-a, 42.50.Dv, 42.79.-e 
I. INTRODUCTION 

Quantum teleportation, in which an unknown quan- 
tum state is teleported from a sending station to a distant 
receiving station, has been one of the exciting manifes- 
tations of quantum-state entanglement of bipartite sys- 
tems. Schemes for both spin-like quantum states 
and continuous-variable quantum states j3|-|^ have been 
proposed, and experiments have been performed [p|-p^. 
The very idea of quantum teleportation is to transfer that 
part of information on the (unknown) state which is lost 
in a single measurement quantum mechanically by means 
of appropriately entangled states. 

In continuous- variable teleportation the sender (Alice) 
and the recipient (Bob) must share a highly entangled 
state in order to be able to really teleport an arbitrary 
quantum state. For teleporting a single-mode quantum 
state, a two-mode squeezed vacuum (TMSV) is com- 
monly assumed to play the role of the entangled state. 
High entanglement then means high squeezing, which 
implies an entangled macroscopic (at least mesoscopic) 
state. However, entanglement is known to sensitively re- 
spond to environment influences, which unavoidably give 
rise to entanglement degradation [p3|-p^ and thus reduce 
the fidelity of teleportation, as was shown in Ref. [ p^ , 
where the two modes were equally coupled to some heat 
bath. 

The aim of the present paper is to study the ultimate 
limits of quantum teleportation that arise from absorp- 
tion during the propagation of the two modes from the 
source of the TMSV to Alice and Bob, so that they have 
one each for further manipulation. With regard to optical 
fields that are desired to propagate over longer distances, 
fibers would preferably be used. As we will see, the ra- 



tios of the propagation length to the low-temperature 
absorption length essentially determine the amount of 
quantum-mechanically transferable information. In this 
way, the fidelity of teleportation becomes not only state- 
dependent, but also dependent on the position of the 
TMSV source relative to the positions of Alice and Bob. 
Thus, the original concept of teleportation of a really un- 
known quantum state to a really distant position becomes 
questionable. 

The paper is organized as follows. Section || presents 
the basic equations, with special emphasis on the entan- 
gled state that is shared by Alice and Bob in practice 
and Bob's choice of the displacement after Alice's mea- 
surement. In Section HI the theory is applied to the 



teleportation of squeezed states and number states and 
a detailed analysis of the various dependencies are given. 
Finally, some concluding remarks are given in Section IV . 



II. BASIC EQUATIONS 



In what follows we consider the standard scheme of 
continuous-variable single-mode teleporation, assuming 
the entangled state is a (strongly) squeezed TMSV. One 
mode is transmitted to Alice (sender) and the other one 
to Bob (recipient). Since the transmission, e.g., through 
fibers is unavoidably connected with some losses, the 
state effectively shared by Alice and Bob is not the orig- 
inally generated TMSV but a mixed state, whose entan- 
glement drastically decreases with the distance between 
Alice and Bob ilTtl. 
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A. The teleported state 



B. Available entangled state 



Let us briefly repeat the main stages of teleportation. 
If Win (7) is the Wigner function of the signal-mode quan- 
tum state that is desired to be teleported and W^^^^{a, 0) 
is the Wigner function of the entangled state that is ef- 
fectively shared by Alice and Bob, the Wigner function 
of the (three-mode) overall system then reads 



(1) 



After combination of the signal mode and Alice's mode 
of the entangled two-mode system through a 50%: 50% 
(lossless) beam splitter the Wigner function changes to 



w{^,, p) = w,A^^] wf^, /? ) . (2) 



n/2 



n/2 



Measurement of the real part of /i, /iR, and the imagi- 
nary part of i^, vi, then prepares Bob's mode in a quan- 
tum state whose Wigner function is given by 



1 



X Id^^l d^i W„ ( ^ j Wl, /3 ) , (3) 



where 



P(AiR,z/i)= J cIi^rJ dill j d^(3W{ii,i^,f3) 



(4) 



is the probability density of measuring /iR and vi. Intro- 
ducing the complex variables 



-y = {^i- i^) /V2, 7' = V2 (nn - wi) 



(5) 



we may rewrite Eq. (|3|) as 
1 



P{l') 



d^-iWUi)wfM (6) 



[P(^R,z.i)/2^F(7')]. 

Depending upon the result of Alice's measurement, 
Bob now coherently displaces the quantum state of his 
mode in order to generate a quantum state whose Wigner 
function is W{P — /S.{'^')\^'). If we are not interested in 
the one or the other measurement result, we may aver- 
age over all measurement results to obtain the teleported 
quantum state on average: 



Wo„t(/3)- y dV^(7')TO-A(7')l7') 

<flWUl) I d^7'W^o^ut(7'*-7*,/3-A(7')) ■ (7) 



Let us assume that the modes of the originally gener- 
ated TMSV propagate to Alice and Bob through fibers 
of (spectral) transmission coefficients T'i(w) and T2{lo)j 
respectively. When 

Wl{a, P)^^ exp[-2 (jap + cosh |2C| 

+ 2 {e~"^al3 + e"^a*(3*) sinh |2C|] (8) 

is the Wigner function of the originally generated TMSV 
(C= ICI'S^'^j squeezing parameter), then the Wigner func- 
tion of the quantum state the two modes are prepared in 
after transmission takes the form of [ p^p"5[p^ 



X exp[-2(C2|ap -I- Ci\f3\'^ + S*a(3 -f Sa* 13*)] , (9) 



where (i = 1, 2) 



5=^TiT2sinh|2C|, 



C. = ^[l + |r,p(cosh|2C|-l) 



(10) 

2nti„(l-|r,|2)], 
(11) 



N=[l + |Ti|2 (cosh|2C| - 1) + 2nthi (l - iTil')] 
X [1 + |T2|2 (cosh |2C| - 1) -f 2nth2 (l - \T2?)] 
-|Tir2|2sinh^|2C|, (12) 

with rith i = {exp[?ia;/(fcB??i)] — 1}~^ being the mean num- 
ber of thermal excitations at temperature "di. It may be 
useful to express \Ti\ in terms of the ratio of the trans- 
mission length li to the absorption length l^i such that 



\T,\ = eM-h/l 



At 



(13) 



It should be pointed out that Eq. (g) together with 
Eqs. ([1^) - (^2|) directly follows from the general for- 
malism of quantum-state transformation at absorbing 
four-port devices |l^,|2^ for vanishing reflection coeffi- 
cients. For nonvanishing reflection coefficients, the terms 
nthi{l — ITJP) in Eqs. (O) and ( IT^ ) must be simply re- 
placed with nth^(l - \tY- WY 
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C. Fidelity 

Let us assume that the quantum state to be teleported 
is a pure one, g-m = |i/'in)(V'in|- A measure of how close to 
it is the (mixed) output quantum state gout may be the 
teleportation fidelity 



F = (V'inl^outlV'in) 



(14) 



Using the well-known representation of the density oper- 
ator in terms of the coherent displacement operator D{^) 
Pl|,p2| 



(15) 



with x(0 being the Fourier transform of the Wigner func- 
tion, Eq. (p^) can be rewritten as 



(16) 



Equivalently, the fidelity can be given by the overlap of 
the Wigner functions: 



F^TT d^l3WUP)Wont{P). 



(17) 



Perfect teleportation implies unity fidelity; that is per- 
fect overlap of the Wigner functions of the input and the 
output quantum state. Clearly, losses prevent one from 
realizing this case, so that the really observed fidelity 
is always less than unity. Thus, the task is to choose 
the scheme- inherent parameters such that the fidelity is 
maximized. 



D. Choice of the displacement 

An important parameter that must be specified is the 
displacement (3^ 13 — A(7') [in Eq. (|^], which has to be 
performed by Bob after Alice's measurement. For this 
purpose, we substitute Eq. (^ into Eq. (^) to obtain, on 
using the relation C1C2 - jS'P = A/'~\ 



w{p\i) 



1 



" P(7') ttCzAA 
2C2 



exp 



C2AA' 





5** 


[-2C2 





WUl)- (18) 



Here we have restricted our attention to optical fields 
whose thermal excitation may be disregarded (nthi ~ 0). 
From Eqs. ( pi] ) and (|l^) it follows that, for not too small 
values of the (initial) squeezing parameter (1, the vari- 
ance of the Gaussian in the first line of Eq. (Iq), C2M j^^ 
increases with Id as e^l^'lTalVS, whereas the variance of 
the Gaussian in the integral in the second line, 1/(4C2), 
rapidly approaches the (finite) limit (T2 ^ 0) 



(Too = hm — - 

^1 — >oo 402 



1^1 1 



|T2p-2|riT2|2 



4|r2 



(19) 



Thus, Bob's mode is prepared (after Alice's measure- 
ment) in a quantum state that is obtained, roughly speak- 
ing, from the input quantum state by shifting the Wigner 
function according to 7 — > 7' -I- /35'*/C2 and smearing it 
over an area whose linear extension is given by I^Oaa- 
It is therefore expected that the best what Bob can do is 
to perform a displacement with 



A(7') = 

where (p — ip^ arg T\ + arg T2 , and 

Substitution of this expression into Eq. (Q) yields 



A 



1™ TBI 



(20) 



(21) 



Wout(/3e*'^) 



where 



1 



27rCTA2 



d^7 Wi„(7)exp 



1g 



4A2 



(C2 + A^Ci - 2A|^|) 



(22) 



(23) 



Note that limi^i^o^ a — (Too- 

Clearly, even for arbitrarily large squeezing, i.e. 
Id — > 00, and thus arbitrarily large entanglement, the in- 
put quantum state cannot be scanned precisely due to the 
unavoidable losses, which drastically reduce the amount 
of information that can be transferred nonclassically from 
Alice to Bob. Let 6w be a measure of the (smallest) 
length scale in phase space on which the Wigner func- 
tion of the signal- mode state, M^in(7), typically changes. 
Teleportation then requires, apart from the scaling by A, 
that the condition 



(24) 



is satisfied. Otherwise, essential information about the 
finer points of the quantum state are lost. For given 6w, 
the condition (|2^) can be used in order to determine the 
ultimate limits of teleportation, such as the maximally 
possible distance between Alice and Bob. In this con- 
text, the question of the optimal position of the source 
of the TMSV arises. Needless to say, that all the results 
are highly state-dependent. 



III. SQUEEZED AND NUMBER STATES 

Let us illustrate the problem for squeezed and number 
states. Applying the general formulas given in Section 
H to these classes of states, all calculations can be per- 
formed analytically and closed expressions for the fidelity 
can be derived. They will enable us, to see the effect of 
the displacement and the position of the TMSV source 
in more detail. 
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A. Squeezed states 



where 



Let us first assume that the unknown single-mode 
quantum state, which is desired to be teleported, is a 
squeezed coherent state. Its Wigner function can be given 

by 



WM = — exp[-Ain|7|2 

TT 

-Sin (7'+7*')+Q7 + a„7* 



where 



Nin = 2exp[-2|aopcosh(2Co) 
- {al + af) sinh(2Co)] , 

Ai„ = 2cosh(2Co), 

Bin = sinh(2Co), 

Ci„ = 2 [ao cosh(2Co) + a* sinh(2Co)] • 



(25) 

(26) 
(27) 
(28) 
(29) 



Here, ao is the coherent amplitude and Co is the squeez- 
ing parameter, which is chosen to be real. Substituting 
Eq. (H) [together with Eqs. ^ - (^)] into Eq. (|22|), 
we derive (Appendix ^) 



TT 

Bout + + + Cout/3* 



exp[-ylo 



(30) 



where 

iVout = 

X exp< 



A Vl + 8(7 cosh(2Co) + 16f72 
2|aop [cosh(2Co) -I- 4g] + (ag + ag^) sinh(2Co) 
l-H8crcosh(2Co) + 16ct2 



(31) 



F{Co) = 2 [1 + 2A2 + (1 + 16(72) 
+ 8X^ (l + A2)acosh(2Co) 



(36) 



is the fidelity for teleporting the squeezed vacuum. 

From Eq. ( |35| ) it is seen that the dependence on ao 
of F vanishes for A = l. Thus, the fidelity of teleporta- 
tion of a squeezed coherent state can only depend on the 
coherent amplitude for an asymmetrical equipment (i.e., 
7^1X2!). In this case, the fidelity exponentially de- 
creases with increasing coherent amplitude. For stronger 
squeezing of the signal mode, the effect is more pro- 
nounced for amplitude squeezing [first term in the square 
brackets in the exponential in Eq. (p5|)] than for phase 
squeezing (second term in the square brackets). 

In the case of a squeezed state, the characteristic scale 
6w in the inequality (HJ) is of the order of magnitude of 
the small semi-axis of the squeezing ellipse. 



-ICol 



(37) 



For |Ti| « [Tsj = from Eqs. (|T|) and (|^ it then fol- 
lows that the condition (|2j) for high-fidelity teleportation 
corresponds to 



that is, 



i-|r|2«e-2ic»i, 



l«ln(l-e-M)- 



(38) 



(39) 



Thus, for large values of the squeezing parameter [^oli the 
largest teleportation distance that is possible, ^t, scales 
as 



~ Ia e" 



-2IC0I 



(40) 



Bnut — 



2 [cosh(2Co) + 4cr] 



A2 [1 + 8crcosh(2Co) + 16cr2] ' 
sinh(2Co) 



Co 



A2 [l + 8(7cosh(2Co) + 16cr2] ' 

ao [cosh(2Co) + 4cr] + gg sinh(2Co) 
A[l + 8crcosh(2Co)-hl6cr2] 



(32) 
(33) 
(34) 



(^==0). Combining Eqs. (p), (|5|) - (|9|), and (|g) - 
( p4| ) , we arrive at the following expression for the fidelity 
(Appendix 



F = F(Co,ao)=F(Co)cxp<^- 



{ao + a*of e^'^« 



(1 - 



{ao - a^f 



l + A2(l-h4e2Coa) (1 + A2) e2Co + 4A2cr 



(35) 



B. Number states 

Let us now consider the case when the unknown quan- 
tum state is an A^-photon number state. The input 
Wigner function then reads 



Winh) = i-ir- exp(-2|7|2)Lw(4|7|2) 



(41) 



[Ljv(a;), Laguerre polynomial]. We substitute this expres- 
sion into Eq. ( p2[ ) and derive the Wigner function of the 
teleported state as 



X exp 



(4a - 1) 



N 



7rA2 (4(7 1)^+1 



A2(4ct + 1) 



A2(16cr2 



(42) 
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FIG. 1. The fidelity of teleportation of a squeezed vacuum state (^o ~ 0-5) 
ip^O) for tiie displacement (a) A(7')=7' and (b) Aij') = \T2/Ti\y' [Eqs. (pO) 



is shown as a function of \(\ and IT2I (|Ti| = 1, 
and {^]. 



By combining Eqs. (]l7|), (|4l|), and 
the teleportation fidelity 



we then obtain 



N 



F = Fk 



xFn< 1 



, [A^(4a-1)-1] 
'[A2(4a + l) + l]^+i 

8A2 



[A2(4a + l) + l][A2(4a-l)-l] 



(43) 



[Pn{x), Legendre polynomial]. 

From inspection of Eq. ( ]4l| ) it is clear that the charac- 
teristic length scale Sw in the inequality (|2j) may be as- 
sumed to be of the order of magnitude of the (difference 
of two neighbouring) roots of the Laguerre polynomial 



Ln{x), which for large N (iV>3) behaves like N 
thus 



N 



(44) 



Assuming again |Ti| w IT2I = |T|, the condition 



gether with Eq. (|19|) and S'^ according to Eq. 




1 

N 



(45) 



It ensures that the oscillations of the Wigner function, 
which are typically observed for a number state, are re- 
solved. Otherwise Bob cannot recognize the teleported 
state as an A^-photon number state. Hence, the largest 
teleportation distance that is possible scales (for large N) 



as 



h 



Ia 

N 



(46) 



C. Discussion 



To 



1, 



Whereas for perfect teleportation, i.e 
Bob has to perform a displacement A(7') = e"^7' [Eq. (|2i 
for A = 1] , which does not depend on the position of the 
source of the TMSV, the situation drastically changes for 
nonperfect teleportation. The effect is clearly seen from 
a comparison of Fig. |^(a) with Fig. |l](&). In the two fig- 
ures, the fidelity for teleporting a squeezed vacuum state 
is shown as a function of the squeezing parameter |^| of 
the TMSV and the transmission coefficient IT2I for the 
case when the source of the TMSV is in Alice's hand, i.e., 
jTil = 1. Figure |l|(a) shows the result that is obtained for 
A (7') =7'. It is seen that when IT2I is not close to unity, 
then the fidelity reduces, with increasing \(\, below the 
classical level (realized for |^| =0). In contrast, the dis- 
placement A(7') = e'-'^Xy with A from Eq. ( pT] ) ensures 
that the fidelity exceeds the classical level [Fig. |l|(6)] . 

At this point the question may arise of whether is the 
choice of A according to Eq. (pi| ) the best one or not. 
For example, from inspection of Eq. ( p^ it could possi- 
bly be expected that A = C2/|S'| be also a good choice. 
To answer the question, we note that in the formulas for 
the teleported quantum state and the fidelity, A can be 
regarded as being an arbitrary (positive) parameter that 
must not necessarily be given by Eq. (2l|). Hence for 
chosen signal state and given value of |C , the value of A 
(and thus the value of the displacement) that maximizes 
the teleportation fidelity can be determined. Examples 
of the fidelity (as a function of |C|) that can be realized in 
this way are shown in Fig. |2|for teleporting squeezed and 
number states according to Eqs. ( ^ and (p3|), respec- 
tively. The figure reveals that for not too small values of 
1^1, that is, in the proper teleportation regime, the state- 
independent choice of A according to Eq. (21) is indeed 
the best one. 
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ICI ^ \c\ 

FIG. 2. The fidelity of teleportation of (a) a squeezed vacuum state (^o = 0.88, i.e., n~ 1) and (b) a single-photon number 
state (A^ = l) is shown as a function of |^| (|Ti| = l, |r2|=0.9, if> = 0). The parameter A in the displacement A(7') = A7' is 
chosen such that maximum fidelity is realized. For comparison, the fidelities that are realized for X— \T2/Ti\ (dashed line) and 
\ = C2/\S\ (dotted line) are shown. 



After preparing this manuscript we have been aware of 
the article 1 24 1 in which it is argued that (even in the hmit 
of infinite squeezing of the TMSV) the average coherent- 
state teleportation fidelity, which is obtained when inte- 
grating Eq. (|3^) (Co = 0) over all coherent displacements 
ao, is maximized for A = 1. This is certainly not correct. 
To see this, let us define the average fidelity more rigor- 
ously by introducing an appropriately chosen regularizing 
function, 



F = 



1 



d'aoF(ao)e-l"°l'/" 



(47) 



[F{ao)= F(Co = 0,ao) withF(Co,ao) from Eq. {^], and 
look (for chosen \(\ and chosen "cutoff" coherent-photon 
number ricoh) for the value of A that maximizes F. 



•^opt 
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FIG. 3. The optimum displacement parameter for tele- 
porting coherent states through an asymmetrical equipment 
(Ti = 1, IT2I = 0.5) is shown as a function of the cutoff coher- 
ent-photon number ricoh . The curves correspond to squeezing 
parameters |("| = 3 (upper curve), |C| = 3.3 (middle curve), 
and Id = 4 (lower curve) of the initial TMSV. 



Figure 1^ shows the optimum displacement as a function 
of ricoh for various values of |C| (Ti = 1, IT2I = 0.5). One 
observes that for each value of ficoh there exists always 
a (sufficiently large) value of |C| such that the optimum 
value of A is exactly \T2/Ti\. Thus, when performing 
the limits in the order required by quantum teleporta- 
tion (first ICI ^00, then ficoh^oo), the optimum dis- 
placement is always Aopt = 172/^1 1. Note that this is also 
vafid when in Eq. ( ^ ) F{ao) is replaced with _F(Co,ao) 
for arbitrary Co- By the way, the average fidelity obtained 
in is nothing but the fidelity for teleporting the vac- 
uum, with not properly chosen displacement, i.e., i^(Co) 
from Eq. ( 55|) for Co = and A = 1. 

Figure B illustrates the dependence of the teleportation 
fidelity on the squeezing parameter |C| of the TMSV and 
the transmission coefficient |r2| (iJil = 1) for squeezed 
and number states. It is seen that with increasing value 
of Id the fidelity is rapidly saturated below unity, be- 
cause of absorption. Even if the TMSV were infinitely 
entangled, the fidelity would be noticeably smaller than 
unity in practice. Only when IT2I is very close to unity, 
the fidelity substantially exceeds the classical level and 
becomes close to unity. (Note that the classical level is 
much smaller for number states than for squeezed states.) 
Hence, it seems to be principally impossible to realize 
quantum teleportation over distances that are compara- 
ble with those of classical transmission channels. The 
result is not unexpected, because the scheme is based on 
a strongly squeezed TMSV, which corresponds to an en- 
tangled macroscopic (at least mesoscopic) quantum state. 
Clearly, such a state decays very rapidly, so that the po- 
tencies inherent in it cannot be used in practice. 
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FIG. 4. The fidelity of teleportation of (a) a squeezed coherent state (^o = 0.5, ao « 0.7, i.e., n ~ 1) and (b) a single-photon 
number state {N = l) is shown as a function of |C| and IT2I (|ri| = 1, <^ = 0, A= |r2/ri|). 



In order to illustrate the ultimate limits in more de- 
tail, we have plotted in Fig. || the dependence of the tele- 
portation fidelity on the transmission length I2 {li=0) 
for squeezed and number states, assuming an infinitely 
squeezed TMSV. It is seen that with increasing trans- 
mission length the fidelity very rapidly decreases, and it 
approaches the classical level on a length scale that is 
much shorter than the absorption length. In particular, 
the distance over which a squeezed state can really be 
teleported drastically decreases with increasing squeez- 
ing. Exactly the same effect is observed for number states 
when the number of photons increases. In other words, 
for chosen distance, the amount of information that can 
be transferred quantum mechanically is limited, so that 
essential information about the quantum state that is de- 
sired to be teleported may be lost. 

It may be interesting to compare the (maximally real- 
izable) teleportation fidelity {\(\ —+00) with the classical 



level (C = 0). Figure || illustrates the dependence of the 
classical level on the transmission length I2 {h = 0) for 
the number states |0)...|3). For comparison, the av- 
erage fidelity for the set of states is shown. With in- 
creasing transmission length the average fidelity rapidly 
approaches the classical level, i.e., the average of the clas- 
sical levels of the set of states. In particular, it is seen 
that the long-distance average fidelity is substantially de- 
termined by the (classical level of the) vacuum telepor- 
tation. Clearly, the vacuum state is the only state that 
(for the chosen optimum displacement) can be teleported 
perfectly, without doing nothing. 

So far we have considered the extremely asymmetri- 
cal equipment where the source of the TMSV is in Alice' 
hand (jTil = 1, i.e., h = 0). Whereas for perfect telepor- 
tation the source of the TMSV can be placed anywhere, 
in practice the teleportation fidelity sensitively depends 
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6. The classical level — 0) of teleporting number 



states (curve 1: A'' = 0; curve 2: A''=l; curve 3: N = 2; curve 
4: A'^ = 3) and the corresponding average fidelity (|^|^(X), 
curve 5) are shown as functions of the transmission length I2 
[Zi=0, (^ = 0, A=|T2/riI = exp(-Z2AA2)]. 

on the position of the source of the TMSV. In Fig. 
examples of the optimal distance li from Alice to the 
source of an infinitely squeezed TMSV (i.e., the distance 
for which maximum fidelity is realized) is shown, again 
for squeezed and number states, as a function of the dis- 
tance li2 =li+l2 between Alice and Bob. It is seen that 
the optimal position of the source of the TMSV is state- 
dependent, and it is always nearer to Alice than to Bob 
{0<li < 0.5^12). With increasing value of I12 the value 
of h approaches 0.5 ^12, and one could thus think that a 
symmetrical equipment would be the best one. Unfor- 
tunately, this is not the case, because the transmission 
lengths are essentially too large for true quantum tele- 
portation. What were (optimally) observed would be the 
classical level at best. 



IV. SUMMARY AND CONCLUSIONS 



In continuous- variable single-mode quantum teleporta- 
tion it is commonly assumed that Alice and Bob share a 
strongly squeezed TMSV. We have analysed this scheme, 
with special emphasis on the absorption losses that are 
unavoidably associated with the transmission of the two 
modes over finite distances, e.g., by means of fibers. In 
particular, we have applied the general formulas derived 
to the problem of teleporting squeezed states and number 
states, which are typical examples of nonclassical states. 

The results show that the TMSV state as an effec- 
tively macroscopic (at least mesoscopic) entangled quan- 
tum state rapidly decays, and thus proper quantum tele- 
portation is only possible over distances that are much 
shorter than the (classical) absorption length. Rapid 
decay of the TMSV state means that there is a strong 
entanglement degradation which dramatically limits the 
amount of information that can be transferred quantum 
mechanically over longer distances. Because of this limi- 
tation, quantum teleportation becomes state-dependent, 
that is, without additional knowledge of the state that 
is desired to be teleported over some finite distance it is 
principally impossible to decide whether the teleported 
state is sufficiently close to the original state. Clearly, 
this contradicts the basic idea of quantum teleportation. 
It is worth noting that both the coherent displacement 
that must be performed by Bob and the position of the 
source of the TMSV should not be chosen independently 
of the fiber lengths. In particular, an asymmetrical equip- 
ment, where the source of the TMSV is placed nearer to 
Alice than to Bob, is suited for realizing the largest pos- 
sible teleportation fidelity and not a symmetrical one. 





FIG. 7. The optimal distance h from Alice to the position of an infinitely squeezed TMSV, for which maximum teleportation 
fidelity is realized, is shown as a function of the teleportation distance I12 = li +I2 {ip — O, X— \T2 /Ti \ — exp[(Zi — 12)/Ia]) for 
(a) squeezed states (curve 1: (^o = 0.78, ao = 0.5, i.e., fi«l; curve 2: Co = 1.44, ao = l, i.e., n«5; curve 3: ^0 = 1-63, ao — 2, 
i.e., n«10) and (b) number states (curve 1: A'^ = l; curve 2: N = 5; curve 3: A'^=10). The insets show the dependence of the 
fidelity on the position of the source of the TMSV for I12/IA ~ 0.1. 
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To overcome the problem of fast entanglement degra- 
dation of the TMSV, one could think about application of 
appropriate purification of Gaussian continuous variable 
quantum states. Unfortunately a practically realizable 
purification scheme that compensates for the entangle- 
ment degradation of the TMSV has not been known so 
far. The purification protocol proposed in |25) enables 
one to distill maximally entangled states from a mixed 
two-mode entangled Gaussian state, but these states 
would be far from a TMSV needed for the teleportation 
scheme under consideration. In fact, the distilled states 
live in finite-dimensional Hilbert spaces. Even if they 
could be used in some modified teleportation scheme, the 
dimension of the Hilbert space should be sufficiently high. 
However, since the distillation probability exponentially 
decreases with the Hilbert space dimension, one would 
effectively be left with the starting problem. 

Throughout this paper we have restricted our attention 
to (quasi-)monochromatic fields. Using wave packets, the 
ultimate limits of quantum teleportation are not only 
determined by absorption but also by dispersion. Due 
to dispersion, the two wave packets unavoidably change 
their forms during propagation over longer distances, and 
the problem of mode mismatching in Alice's homodyne 
measurement and Bob's coherent displacement appears. 
The corresponding quantum efficiencies diminish, and 
hence the width of the Gaussian with which the Wigner 
function of the original quantum state is convolved is ef- 
fectively increased. As a result, the teleportation fidelity 
is reduced. It can be expected that the effect sensitively 
depends on the position of the source of the TMSV. In 
order to understand the details, a separate analysis is 
required, which will be given elsewhere. 
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APPENDIX A: GAUSSIAN STATES 



Let us consider the Gaussian Wigner function 



Wi„(7) = — exp(-Ain|7|^ - Bin7*' - ^fnT^ 
-Ha„7*+C*„7- An), 



where 



= a/A? - AlBu 



(Al) 



(A2) 



^i" = ]^ [^inlCinP - {B*,Cl + B,^C*f)] . (A3) 



Here, Cin can be chosen freely, and Ai^ and Bin niust be 
chosen such that the condition A\„ >2|i3;n| is satisfied. 



Substituting Eq. ( [Al| ) into Eq. (g2|) and performing the 
integration, we again obtain a Gaussian: 



WoutiP) = ^ exp(-Aout|/3p 



Bout/3*' - i?:ut/3' 



+ Cout/3* + C'*ut/3 ~ -Dout) 
{(p = 0), where 



A,, 



Bo 



Co 



1 



4(Aa)2 
1 



2a 



l/(2a) 



[A„ + (l/2f7)]'-4|BinP 
-Bin 



4(Aa)2 [Ai„ + l/(2a)]'-4|Bi„P ' 

1 [An + l/(2a)]an-2BinCi; 

2Aa [Ain + l/(2f7)]'-4|Bi„|2 ' 



(A4) 

(A5) 
(A6) 
(A7) 



and A'out and Bout are given according to Eqs. (A_2) and 
( [A3| ) , respectively, with the out-quantities in place of the 
in-quantities. The result is 



A^out = 



1 



/Vin 



2A2cr 



^[A,,, + l/{2a)Y 



4|Bi, 



Bo 



Bi, 



[An + l/{2a)] \Cin\' 



(B:* -I- BinCj*^) 



[Ain + 1/(2^)]^ - 4|Bin|2 



(A8) 



(A9) 



Specifying A\a, Bin, and Cin according to Eqs. (27) - 
'^), E q. ([A^ ) [together with Eqs.(|A5|) - ([A9|)], we arrive 



at Eq. (m) [together with Eqs.(mh - (BJ)]. 



Using Eqs. (Al) and (A4), it is not difficult to prove 
that 



TT / d^l3Winil3)Woum 



2N„ 



X exp 



A\C\' 



^A2-4|B|2 



^2 _4|5|2 



- B 



where 



(AlO) 



(All) 
(A12) 
(A13) 
(A14) 



The above mentioned specification of Ain, Bin, and Ci, 
then leads to Eq. (H) [together with Eq. (||)]. 



A 


~ Am 


+ Aout 


B 


= Bin 


+ Bout 


C 


— Cin 


+ Cout 


D 


= Bin 


+ Bout 
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